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Abstract—The onset of instability in the form of longitudinal vortices for fully developed Hartmann
laminar flow in the thermal entrance region of horizontal parallel-plate channels is investigated by a
numerical method for the case with a uniform vertical magnetic field and heating from below. Numerical
results are obtained for Pr = 0.7, 0.01, Pe = 10100, oo, Br=0. —1 and Ha =0, 2, 6, 10. The effects of
Prandtl. Peclet (axial conduction), Brinkman (viscous dissipation and Joule heating) and Hartmann
numbers on thermal instability of magneto-hydrodynamic flow are studied.
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NOMENCLATURE

dimensionless wave number ;

magnetic field induction vector,

(0, 0. Bo);

Brinkman number, pu, UZ/(k6.);
dimensionless perturbation vector of
impressed magnetic field. (b, by, b.);
coefficients in the series expansion of 6.,
specific heat at constant pressure:
d/dz;

electric field intensity vector, (0, Eo. O);
even and odd eigenfunctions;
dimensionless perturbation vector of
electric field, (ex. ¢, €,);

Grashof number, gB(AT)I*/v?;
gravitational acceleration;

Hartmann number, (6/ut;)/?Bo
electric current density vector, (0, J,, 0);
oBy Und:

dimensionless perturbation vector of J,
(jx-jy-j:);

external loading parameter, Eo/(Bo Un):
thermal conductivity;

a distance between two infinite
horizontal flat plates;

L/2;

number of divisions in y direction;
fluid pressure (P,+ P’') and pressure for
basic flow;

Peclet number, PrRe:

Prandtl number. ¢, ps/k;

dimensionless perturbation pressure,
PApUz):;

Rayleigh number, gB(AT®/va;
Reynolds number, pU, I/1iy;

magnetic Reynolds number,

Unl/(1/pe 0);

fluid temperature (T, + '), fluid
temperature of basic flow and uniform
entrance temperature;

uniform but different lower and upper
plate temperatures, and (T + T2)/2;

Uy, Uy, up. axial, mean and dimensionless velocities

u,v,w,

V.V,. V.,

of basic flow:

dimensionless perturbation velocity
components;

velocity vector (V,+ V'), basic velocity
vector (U, 0. 0) and perturbation
velocity vector (U', V', W');
Cartesian coordinates with origin at
lower plate;

dimensionless coordinates;
transformed coordinates, x/Pe, z = z;
dimensional and dimensionless
transverse coordinates with origin at
center of channel.

Greek symbols
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0.6,, 6,
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Y,
AT,

thermal diffusivity;

coefficient of thermal expansion;
even and odd eigenvalues;
dimensionless perturbation, basic flow
and entrance temperatures;
characteristic temperature difference
(T~ To) = (T~ T1)/2, and
dimensionless fluid temperatures
defined by equation (7);

magnetic permeability and viscosity
of fluid;

kinematic viscosity;

fluid density;

electric conductivity;

viscous dissipation function;
dimensionless basic velocity and
temperature profiles, U,/U,, and

(T, —T5)/AT:

dimensionless stream function;
(hi—T) = —26..
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perturbation quantity;

amplitude of disturbance quantity;
transformed perturbation variable or
critical value;

basic quantity in unperturbed state.
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L. INTRODUCTION

IN RECENT years. the problem of the laminar forced
convection for fully developed MHD laminar flow in
the thermal entrance region of a parallel-plate channel
has been studied by many investigators for the thermal
boundary conditions of both uniform wall heat flux
and constant wall temperature. The literature on the
subject is well reviewed in [1,2] and further recent
works are quoted in [3]. It is known that when a
horizontal fluid layer is subjected to an adverse tem-
perature gradient, a top-heavy situation results and the
system is potentially unstable due to the buoyancy
forces. With a superposed fully developed laminar flow
between two horizontal flat plates. heated from below.
the onset of the secondary flow in the form of longi-
tudinal vortices [4-8] is characterized by a critical
Rayleigh number. With the appearance of the vortex
rolls, the flow takes on a three-dimensional character
and the heat transfer rate is expected to increase with
the Rayleigh number. Thus, it is of practical interest to
determine the conditions for the onset of secondary
flow.

The effects of a vertical, uniform magnetic field on
the thermal instability of horizontal stationary fluid
layers were studied theoretically by Thompson [9]
and Chandrasekhar [10.11] and experimentally by
Nakagawa [12-15]. The thermal instability of a
magnetofluid in a vertical rectangular channel heated
from below was investigated by Yu [16] quoting the
related references. The thermal instability of a
Hartmann flow in the thermal entrance region of a
horizontal parallel-plate channel with heating from
below does not appear to have been studied in the
past. The purpose of this study is to determine the
conditions marking the onset of longitudinal vortex
rolls in the said passage where the two plates arc
maintained at uniform but different surface tempera-
tures. The present study can be regarded as a first step
toward investigating the change of heat-transfer rate
due to the thermal instability for a Hartmann flow
and represents an extension of the thermal instability
problem for a confined horizontal fluid layer studied
by Thompson [9] and Chandrasekhar [10, 11] to the
case with a superposed fully developed laminar flow.
The basic velocity and temperature fields in the thermal
entrance region of the channel required for the present
thermal instability analysis are reported in [3]. For the
basic flow and temperature fields, the free convection
effect is neglected and the problem is to find the con-
dition at which free convection starts to affect the
Hartmann flow.

2. FORMULATION OF THE THERMAL
INSTABILITY PROBLEM

2.1. Basic flow and temperature fields

Consideration is given to a Hartmann flow between
two horizontal flat plates under the action of a homo-
geneous transverse magnetic field By and heated from
below. The basic equations of motion, of Maxwell, and
of energy appropriate to the thermal entrance region
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heat-transfer problem [3] are:
V-Vy=0 (1)

1 I
(VbV)Vb e VP},‘F\'VZVI,‘F*)‘J x B (2)
1Y f

V-B=0, VXB=yJ, V-E=0

3
VXE=0. J=o(E+V,XB) )
R [
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Fic. 1. Disturbance profiles for perturbation amplitudes w*
and 6* at Ha=0, 10 for Pr=0.7, Pe =10, Br=0, —1
and x = 10,

where Vb = (Ub‘ O., 0). J = [O, Jy = O'{Eo— UbB()), 0],
E = (0, Eo. 0). B= (0. 0, Bo). ® = u(dU,/dZ’)* and
V2 = 0¥/pX? 4+ £%/AZ'% in energy equation {4) and the
coordinate system is defined in Fig. 1. The boundary
conditions are:

U0, +1)=0. T0.Z)=Ts.

5
TX. ~D=T. TX.D=T. )

Introducing the following dimensionless variables and
physical parameters,

(X,Z') = [}(xPe, Z'). Uyp=[Un](Up).
Oy = {T= T2~ To), O = {To— T T2 — Tl
Re = pUnljuys, Pe = PrRe = pc,Upl/k,
Ha = (o/p;)'?Bol, K = EofiBoUy). Br = ps U2/(k8,).

where

i
U :J UpdZ'/2D, T = (T + T2)/2,
-1
=Ty — Ty =(Ta—Th)2,

the well known Hartmann solution [17] for equation
(2) and the solution [3] of energy equation (4) con-
sidering both the viscous dissipation and axial con-
duction effects can be written as

up = Ha{cosh Ha—cosh Haz')/(Hacosh Ha—sinh Ha)
= C{cosh Ha—cosh Haz'} 6)

Op = 84(2) +0.(x,2) (7
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where
0; = z'+ Br[(C%/4)(cosh 2Ha —cosh 2Haz')

+2C, C1(cosh Ha—cosh Haz) + (C3 Ha*/2)(1 ~z'4)],

C3=K C}COShH{Z
8, = Z CoEq(z Yexp(~ B, x) + Z D, 0z Yexp{—74x).

n=1
The details of the infinite series solution for 6 are
given in [3] and the expression for @ is given here for
reference purpose only. At this point. it is convenient
to shift the coordinate origin to the bottom plate for
the instability problem and one obtains z = ¥{z'+ 1}
and the developing temperature profile ¢, = {1 —~8,).

2.2. Perturbation equations

In order to study the thermal instability concerned
with the onset of secondary flow in the form of longi-
tudinal vortices for the horizontal Hartmann flow
heated from below, the perturbation quantities are
superimposed on the basic quantities as

V=V, +V =[UZ)}+U. V. W] T=T+8¢
P=P+P. E=E,+¢ =(¢.Eo+e}. e), ®
B = B,+b = (b%. by, Bo+bl)

I =Jdp+§ = (s Jo s J2)-

The above perturbation quantities are considered to
be in the steady state and are of a function of space
variables X, Y and Z only. After applying the linear
stability theory and using Boussinesq approximation,
the perturbation equations become:

U v ewr
e e = 9
X Ay Yoz ©
U dU,
(U"a W dz)
ar
= ~E§+;g;V2U'+{JOb§+Boﬂ) {10)
av’ oP
P V2V’ —~Bq jk 11
PUs= = =53 T i o) (1
W er P, !
a0 %L Oh
Pcp(Ub’g)—(,'+U é’i‘*‘W 52)
dUb au JO
- L2 2225,
K20+ 2 (dz)(az) (13
fu = olex+Bo V'), jy = ole,—Bo U~ Upbl), (14)
Jje = ale, + Upby)
V-e=0, VXe' =0, V-b' =0, VXb = p.j (15)

where V2 = 02/8X%+82/0Y>+8%/0Z°.
Introducing the following nondimensional quantities
and physical parameters,

(X.Y.2)=Lix,y.2), (U, V. W)= Uplu,v. w),
= (AT)6, P' = (pUd)p. (b, by, bL) = Bolby, by, b2),
(€l €}, %) = Eolex. ey, &), U Jn J2) = 6Bo UnlJss Jy. Jo)s

3
6r = BP0 R~ v 1pe0)

Jx= Kex+ b, jy =

1345
and noting that
Up = Um¢u~ Ty— 1, = (AT)¢M»
Jo = oBo UpJ = aBo UplK — ),
AT=(T-Ty= -28,,
the perturbation equations become
cu ﬁb ow
=0 16
x ay oz (16)
Ay do, ap 1, 2 Ha® .
— Rl e . 17
St T Tax TaRe ! Y TRe VEetH (D
fe & 1 _, 2Ha
= - P 18
¢ Ox E’y+2Re v Re J (18)
éw cp 1 2Ha? ZGr
e = = = o e V2 19
¢8x 62+2Re YT Re R2 (19)
e Oy
2?2[@53 5x +W—8—z‘
de,
= V)~ Br { j ~—+4Ha zJ;,] (20}

Key—u—¢,b,. j. = Ke.+¢.b, (21)

V-e=0(a), VXe=0(b), V-b=10 (c), 22)
VXb = 2Rmj (d).
Here it is understood that the operators V? and V are
dimensionless.
After eliminating u, v, p and using continuity equa-
tion. the three momentum equations can be combined
into a single equation as

2w d ow d¢,
2972, 2v " P v > u
V*V*w—4Ha = 2Re[q§uaxv w o dzz}
_ AGr : 2 ('*Zb
d¢., cb, ﬁzb
dz ox — 5x6} 23

where V# = 8%/0x* +8%/0y%.

From equations {20). (23) and noting further that for
vortex-type instability dp/éx = 0, one has 7 unknowns
u, w, 8. by, b,, j, and e,. Consequently, one needs
additionally one momentum equation, Ohm’s law, two
magnetic induction equations and one electric field
equation as follows.

V*—2Red, u
ox

- 2Rewfi£i‘—4Ha2[(K~—¢,,)b: +i] (4

jy = Key—u—a.b, 25)
by du dqﬁ“
2y —
Vb, —2Rmep, — p 2Rm [ =45 bz] {26)
Vip, — 2qu5.,——« = —2Rm ow 27
a dz
Ve, =0. (28)
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The boundary conditions are

u=w=-—=0=0 at z=0,1 (ngid walls)

=01 (29)

For the disturbances in the form of stationary longi-
tudinal vortices one may assume the disturbance form
[7]1 7= f*(z)e™ for the disturbance guantities. The
assumption of taking the perturbation quantities to be
“in the steady state” is consistent with the previous
investigations [7,8.19]. The set of equations then
becomes:

(D> —a?Pwt —4HAD*w™

j-=10 at {non-conducting walls).

— SHE[(K — o) —a®Ib? ] *47? 20 (30)
¢

(D?—dPu* —4Hd*u"
d¢

= 2Re——w" ~4Ha[(K-24)b1] (1)

a‘?sum
v

-t = 7Pe{ * ¢”

" —4Ha (K - d.)j; j’ (32

i = Ke) —u—¢b {33)

(D= )b = —2Rm(Du £ 99 ) (34

(D —a®)bl = —2RmDw™ (35)

(D> —a?)ef =0 (36)

where D = d/dz. V2 = D? —a® and Vi = —a% A study

of the electromagnetic boundary conditions is now in
order. When the magnetic Reynolds number Rm is very
small, an order of magnitude analysis reveals that the
R.H.S. of equations {34} and (35) can be neglected.
From Maxwell's equations and equations (34), (36)
and (29) it can be shown that ef =e¢; =¢ =b{ =0
for the whole domain and the details are given in [18].
It is convenient to introduce the transformations
x=Pex.c=1zu" = Rew*. w¥ = w* 0" = Peb* j; =
Rej}, b} = Rmb¥ and one obtains

[(D?—a*)* —4Ha*D?*|w* = 4Raa*0* 37
[(D* —a?) ~ 4Ha*|u*
" R
- d¢ o — [43 2K ~ 2, )-ﬁb* (38)
4 N ‘U* f@ﬁ‘.s ¢ ¢0
g =0 ® A
\D7=a’) { Pr éx w iz }
Bl ey
+ Pr[R 0 “Du*—4Ha (K*qﬁu)jy— (39)
R
A= —u*—[mgbﬂ. (40)

Since Rm/Re is very small, the terms involving Rm/Re
in equations (38) and (40) can be neglected [ 19] entirely
in comparison with the other terms. Thus, one sees
that the present eigenvalue problem can be solved
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independently of the boundary conditions on the
magnetic field. The physical parameters are seen to be
Pr, Pe, Br, Ha and Ra. The boundary conditions are

Dw*=(*=0 at z=0.1. (4]

w* o= w¥ =

It is instructive to identify the physical meaning of
each term in the perturbation equations and regard
the terms on the R.H.S. of each equation as the source
or forcing terms. One also notes that the terms in-
volving Ha® are preceded by a negative sign suggesting
that the transverse magnetic field has a stabilizing
effect on the instability. Without the effects of a mag-
netic field, Joule heating and viscous dissipation, the
present thermal instability problem reduces to that
studied in [7]. For given values of Pr. Pe, Br and Ha,
one is interested in determining the minimum critical
Rayleigh number and the corresponding wave number
for the onset of instability as stationary longitudinal
vortices through the solution of equations (37}-(41).

3. NUMERICAL SOLUTION

In view of the expressions for the basic velocity and
temperature profiles, an analytical solution of the
characteristic value problem is apparently not practical.
A finite-difference method using an iterative technique
is used for the simultaneous solution of the disturbance
equations [7]. Using the higher order finite-difference
scheme due to Thomas [20], equation (37) and its
boundary conditions may be transformed into a qui-
diagonal system of matrix for a set of algebraic equa-
tions and two tridiagonal systems result from equations
(38) and (39) and their boundary conditions. Noting
that for given values of Pr. Pe. Br and Ha, the basic
profiles ¢, and ¢, are known. the solution of a coupled
set of equations (37)~(41) can be carried out by using
an iterative procedure. It is found that only a few
iterations are required to determine critical Ra values
to five significant figures. The complete details of the
numerical solution as well as the method of finding the
minimum critical Ra as a function of wave number a
are given in [ 18].

4, RESULTS AND DISCUSSION

Before presenting the numerical results, it is well to
note that the basic fully-developed velocity profile ¢,
depends on Ha only and the basic temperature profile
¢ is a function of the parameters Pe, Br and Ha and
is independent of Pr. The typical profiles for ¢, are
shown in [3]. In the perturbation equations (37)~(39).
only two prescribed parameters Pr and Ha appear.
The numerical results will be presented in such a way
to illustrate the effects of the aforementioned physical
parameters on thermal instability,

The effects of the Hartmann number on disturbance
profiles w*, 0* and «* are shown in Figs. | and 2,
respectively, for fully developed condition (x = 10) with
Pr=0.7, Pe =10 and Br = 0, — 1. From the normal
modes of the disturbances and the definition of the
stream function ¢ = d¥/0z, w = — dW/y., one obtains
¥ = (iw*/a)e’™ and one may compute the stream
function ¥ by noting that physical meaning is attached



Thermal instability of Hartmann flow

Pr=07,Pe=10,x+:10

[eX]

0.2

-0.2
= Bra=-|
Br=0
-0.6
-0 L l 1
[s} 0.3 0.6 09 10

FiG. 2. Disturbance profiles for perturbation amplitudes u*
at Ha=10.2. 6. 10 for Pr=0.7. Pe =10, Br =0, —1 and
x = 10.

Pr=07,Pe=10,Br=0,Ha=10, X 10

Pr=0.7,Pe=10,Br=-1, Ha=10,x =10

~N

A=27/a A=2w/a

FiG. 3. Streamline pattern at onset of instability for Pr = 0.7,
Pe =10, Ha=10.x = 10, Br = 0 and —1.

only to the real part. The results are shown in Fig. 3.
In Figs. 1-3, the magnitude of the maximum disturb-
ance quantity is taken to be one. The neutral stability
curves for Pe =10, Pr=0.01 and 0.7 are shown in
Figs.4 and 5, respectively, where one may see the effects
of Hartmann and Brinkman numbers clearly.

130
Pr=0.0! Br=0
Pe=10 w—=—e— Br=-|
1zol- x =10
Ha=l0
100} \
N\
~N
8ol
°
x
& sol
40— \\ 2
\\ Z
20} s
2 —
R 0; &= p——
I 2 3 a 5 6

a

F1G. 4. Neutral stability curves for Pr = 0.01,
Br=0,—-1and Ha=0,2,6, 10.
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Pr=0.7
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X =10
liop
90}
o
»
g 70
sof
30}
0
-
N ———"0
J 1 I i
10 2 3 a 5 5

a

F1G. 5. Neutral stability curves for Pr = 0.7.
Br=0. -1and Ha = 0. 2, 6. 10.

The effect of Peclet number on critical Rayleigh
numbers Ra* along the axial coordinate x is shown
in Figs. 6-9 with Pr=0.01, 0.7 and Br =0, —1 for
Ha =0, 2, 6 and 10. In Fig. 6 (Ha = 0) with Pr = 0.7,
the critical Ra* is seen to decrease monotonically with
x until an asymptotic value is approached. On the
other hand, with Pr=0.01 and Br= —1. a local
maximum value for Ra* exists at a certain axial location
before reaching the asymptotic value. Furthermore,
the region near the thermal entrance (x = 0) is seen to
be more unstable than the region near the fully
developed region (x 2 10) for Pr = 0.01. It is found that
the curve for Pe =100 can be regarded as Pe =
practically. The merging of the two curves for Pe = 10
and 100 at some axial position signifies the dis-
appearance of the axial conduction effect. With Ha =
Br = 0, the asymptotic value of Ra* = 213.47 which is
independent of Prandtl number agrees with the well-
known value of 1708/8 for the Benard problem. This
can be explained from the perturbation equations. For
fully developed flow. {¢h, /®x = 0 in equation (39) and

Ha=0
Br=0
P Pe:0 ————— Br=-|
E._100,&
E——L Pr=07 213.5
——e r=0. .
L 100,00 S S
o ot Pr=07 BEEE
E 100, 0
E PN Pre00l
i Pesl)  —~——— 2375,
N 100,00
o' 10
sl qu.ml L] 1l Lot
107® 1072 10! 10° 10!

H
F1G. 6. Critical Rayleigh number Ra* in thermal entrance

region for Pr = 0.01, 0.7 and Pe = 10, 100, oc with Ha = 0,
Br=0 —1.
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paaad 1oaoraaid
02 107! 1©o° o
X

Fic. 7. Critical Rayleigh number Ra* in thermal entrance
region for Pr = 0.01, 0.7 and Pe = 10, 100, ¢ with Ha = 2.

Br =0and —1.
100
E Ha=6
o Br=0
o e Br= =]

Pr=07

T

T

551.3

TR0 2oei)

108 L |Op,q)|“| bt s g txtal sl
? 1072 oo 0% 10t
x
F1G. 8. Critical Rayleigh number Ru¢* in thermal entrance
region for Pr = 0.01, 0.7 and Pe = 10, 100, xv with Ha = 6.
Br=0and —1.

bl b L ibL]

Ha =0

8r=0

————Brs-|

togaspigd bt g 2 atal 2 dedddddd
w0 1072 w’ 1©0° 10
x

F1G. 9. Critical Rayleigh number Ra* in thermal entrance
region for Pr = 0.01.0.7 and Pe = 10, 100. « with Ha = 10.
Br=0and —1.

with Ha = Br = 0. equations {37) and (39) become
identical with those of the Benard problem.

[t is difficult to explain the reasons for the occurrence
of the local maximum for Ra* in the thermal entrance
region as noted earlier. Considering the case with
Ha = 0, it appears that the cause for the phenomenon
is due to the combined effect of the convective term
{u*/Pr)d¢, /0x and the term involving Br on the R HS.
of the perturbation equation {39). Noting that the basic
profiles ¢,(z) and ¢y(x, z) are independent of Pr. one
may conclude that the relative magnitude of Pr and
Br also plays some role leading to the occurrence of
the phenomenon. Figures 7-9 reveal that as the value
of Ha increases. the phenomenon becomes less appreci-
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able. The effect of the Hartmann number on the
asymptotic value of Ra* is of interest since for the fully
developed flow, one has é¢,/0x = 0 and the pertur-
bation equations (37) and (39) become identical with
those of Chandrasekhar [10] when Br = 0. It is found
that the present asymptotic results with Br = 0 agree
with those of [10]. From Figs. 6-9, it is seen that with
the increase of Hartmann number, the effect of Brink-
man number on the asymptotic value of Ra* becomes
less appreciable. Figures 10 and 11 show clearly the
effects of Ha and Pr on the distribution of Ra* along
the axial direction x for given values of Pe and Br. The
present investigation shows that the magnetic field has
a stabilizing effect and the decreasing Prandtl number

10 e
e s
»* -
o
4 —
e -
0k ///
= v
= Vv
- o
ST d
3 /
10'k —
e e e e s i =
Eo gl Lo gl heoldoddag] L1 adll)
0 [lod 0" 10° 10/

X

FiG. 10. Hartmann number effect on critical Ra* in thermal
entrance region for Pe = 100. Br = 0 and Pr = 0.01.0.7.
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T T T
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T e — ——
I
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T l’||::|>u
|
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\
/

- e 2
S ——— 13
103 [¢)
F -
F - N G s o
e ~ e ]
b e e e Ve )
¢ //
10 —————-“——’
o1 rseegyd b iiiind fodod b lish Lol Ll
073 072 w0 10° 0!

X

F1G. 11. Hartmann number etfect on critical Ra* in thermal

entrance region for Pe = 100. Br = — 1 and Pr = 0.01. 0.7.
2.5
- Pe=10, Pr=0.01
L T
8O T~ Ha=i0 Br=0
—— i Br 2

3.5k 2 B e
—— e

B R—

2.0 4o baaaul Ll LA ALl Lo

[ o 0™ 10° 10’

X

F1G. 12. Hartmann number effect on critical a* in thermal
entrance region for Pr = 0.01. Pe = 10 and Br=0. — 1.
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has a destabilizing effect in the thermal entrance region.
For reference, the distributions of the wavenumbers a*
are also shown in Fig. 12.

5. CONCLUDING REMARKS

1. The analysis [10] on thermal instability of a
horizontal fluid layer confined between two rigid plates
subjected to a vertical uniform magnetic field is ex-
tended to the case with main flow (Hartmann flow).
The present analysis includes the axial conduction,
viscous dissipation and Joule heating effects.

2. The numerical results are obtained for Pr = 0.7
(air), 0.01 (liquid metal), Pe = 10, 100, cc, Br =0, —1,
and Ha=0, 2, 6, 10 with K=1 and 6, =1 only.
The case with K = 1 signifies the open circuit condition
and 0o =1 means T = T (entrance temperature is
equal to upper plate temperature). At Br = —1, the
viscous dissipation effect may be considered to be
appreciable. It is found that the axial conduction and
the magnetic field have a stabilizing effect and the effect
of Brinkman number appears to be dependent upon
other parameters such as Ha and Pe. It is observed
that the combined effect of Prandtl and Brinkman
numbers in the perturbation equation (39) may lead to
a locally stabilizing effect in some region of the channel
before the fully-developed region.

3. For high Prandtl number fluid, the flow is more
stable in the thermal entrance region than in the fully-
developed region, but the opposite is true for small
Prandtl number fluid. However, the Brinkman number
has a destabilizing effect in the fully-developed region.
When Pr is small, the critical Rayleigh number does
not change appreciably throughout the whole entrance
length at say Ha = 10.

4. The accuracy and convergence of the numerical
solution are checked by comparing the present numeri-
cal results with those reported in the literature for the
limiting cases [7. 10].

5. The present instability results are useful in predict-
ing the onset of longitudinal vortex rolls in wide
horizontal rectangular channels and the complete
numerical results for Ra* and a* are listed in [18].

6. Asnotedin 3], for low Peclet number flow regime
with viscous dissipation effects, the entrance condition
of uniform fluid temperature at x = 0 must be regarded
as an approximate one. Consequently, numerical calcu-
lation is not made for Pe < 10.

Acknowledgement—This work was supported by the
National Research Council of Canada through grant NRC
A1655 and a postgraduate scholarship to R. S. Wu.

11.

12.

13.

14.

15.

16.

18.

19.

1349

REFERENCES
. C.L.Hwang, P.J. Knieper and L. T. Fan, Heat transfer
to MHD flow in the thermal entrance region of a flat
duct, Int. J. Heat Mass Transfer 9, 773-789 (1966).

. L.T.Fan, C. L. Hwang, P. J. Knieper and U. P. Hwang,

Heat transfer on magnetohydrodynamic flow in the
entrance region of a flat duct. Z. Angew. Math. Phys.
18, 826844 (1967).

. R.S. Wu and K. C. Cheng, Thermal entrance region

heat transfer for MHD laminar flow in parallel-plate
channels with unequal wall temperature, Wirme- und
Stoffiibertragung. To be published.

. Y. Moriand Y. Uchida, Forced convective heat transfer

between horizontal flat plates, Int. J. Heat Mass Transfer
9, 803-817 (1966).

. W. Nakayama, G. J. Hwang and K. C. Cheng, Thermal

instability in plane Poiseuille flow, J. Heat Transfer 92C,
61-68 (1970).

. M. Akiyama, G. J. Hwang and K. C. Cheng, Exper-

iments on the onset of longitudinal vortices in laminar
forced convection between horizontal plates, J. Heat
Transfer 93C, 335-341 (1971).

. G. J. Hwang and K. C. Cheng, Convective instability

in the thermal entrance region of a horizontal parallel-
plate channel heated from below, J. Heat Transfer 95C,
72-77 (1973).

. S. Ostrach and Y. Kamotani, Heat transfer augmen-

tation in laminar fully developed channel flow by means
of heating from below, J. Heat Transfer 97C, 220-225
(1975).

. W. B. Thompson, Thermal convection in a magnetic

field, Phil. Mag. 42, 1417-1432 (1951).

. S. Chandrasekhar, On the inhibition of convection by

a magnetic field, Phil. Mag. 43, 501-532 (1952).

S. Chandrasekhar, On the inhibition of convection by
a magnetic field: II, Phil. Mag. 45, 1177-1191 (1954).

Y. Nakagawa, An experiment on the inhibition of
thermal convection by a magnetic field, Nature, Lond.
175, 417-419 (1955).

Y. Nakagawa, Experiments on the inhibition of thermal
convection by a magnetic field. Proc. R. Soc. 240A.
108-113 (1957).

Y. Nakagawa, Some results on heat transport by con-
vection in the presence of a magnetic field, Rev. Mod.
Phys. 32, 916-918 (1960).

Y. Nakagawa and 1. R. Goroff, Experiments on heat
transport by convection in presence of a magnetic field,
Physics Fluids 4, 349-354 (1961).

C. P. Yu, Thermal instability of a magnetofluid in a
vertical rectangular channel, Physics Fluids 11, 756760
(1968).

. G. W. Sutton and A. Sherman, Engineering Magneto-

hydrodynamics, Chapter 10. McGraw-Hill. New York
(1965).

R. S. Wu, Convective instability in horizontal fluid flows
and horizontal liquid layers, Ph.D. Thesis, Dept. of
Mechanical Engineering, University of Alberta (1976).
S. Chandrasekhar, Hydrodynamic and Hydromagnetic
Stability, p. 402. Oxford University Press, Oxford (1961).

INSTABILITE THERMIQUE DE L’ECOULEMENT DE HARTMANN DANS LA
REGION D’ETABLISSEMENT DU REGIME THERMIQUE EN CANAL HORIZONTAL
LIMITE PAR DES PLAQUES PLANES ET CHAUFFE PAR LE DESSOUS

Résume—Le déclenchement de I'instabilité sous forme de tourbillons longitudinaux pour 'écoulement

laminaire établi de Hartmann dans la région d’établissement du régime thermique en canal horizontal

limité par des plaques planes est étudi¢ a4 l'aide d’'une méthode numérique dans le cas d’un champ

magnétique vertical uniforme et d’un chauffage par le dessous. Les résultats numériques sont obtenus

pour Pr =0,7; 0,01; Pe = 10; 100; oco; Br = 0; —1; et Ha = 0,2;6,10. On étudie I'influence des nombres

de Prandtl, Péclet (conduction axiale), Brinkman (dissipation visqueuse et effet Joule) et Hartmann sur
Iinstabilité thermique de 'écoulement magnétohydrodynamique.
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THERMISCHE INSTABILITAT DER HARTMANN-STROMUNG
IM THERMISCHEN EINLAUFBEREICH VON WAAGERECHTEN, VON
UNTEN BEHEIZTEN KANALEN AUS PARALLELEN PLATTEN

Zusammenfassung— Mit Hilfe einer numerischen Methode wird das Einsetzen der Instabilitdt in Form
von Léingswirbein bei voll ausgebildeter Hartmann-Laminarstromung im thermischen Einlaufbereich
eines waagerechten Kanals aus parallelen Platten untersucht fiir den Fall eines einheitlichen senkrechten
Magnetfeldes und bei Beheizung von unten. Numerische Ergebnisse wurden erhalten fir Pr=0,7:
0,01 und Pe = 10; 100: oc sowie fur Br = 0; —1 und Ha = 0; 2: 6; 10. Die Einfliisse der Prandtl— Péclet—
(Langsleitung), Brinkman- {viskose Dissipation und Joulesche Heizung) und der Hartmann—Zah! auf die
thermische Instabilitit einer magnetohydrodynamischen Stromung werden untersucht.

TEIMJOBASI HEYCTOMYHUBOCTh TEYEHUS TAPTMAHA B HAYAJILHOM
VYYACTKE FOPU3OHTAJIbHBIX TTJIOCKOIMAPAJNIJIENBbHBIX HATPEBAEMbIX
CHU3Y KAHAJIOB

Amnoraypst — C NOMOWBIO 4UCJIEHHOTO METOAA MCCIEAYETCA BO3IHUKHOBEHHE HEYCTOMYMBOCTH B

BHJE NPOAOIbHbIX BUXpEH MPH MOJHOCTBIO Pa3BUTOM JlaMHHAPHOM TedeHuu [apTmawa B Harpe-

Ba€MOM HA4ajbHOM YYacTKE FOPM3OHTANBHBIX MJIOCKOMAPANNENbHbIX KAHANOB NPH NOCTOSHHOM

BEPTHKa/JbHOM MarHMTHOM MONe M Harpese cHuly. IlonyyeHsl YucaeHHble pe3yabTaTel ana Pr=0,7;

0,01; Pe = 10,000, oo; Br=-0, —1 u Ha=:0, 2, 6, 10. Ysyuaerci pausnue yucen [lpanarns, IMekne

(ocesas nNpoBOAMMOCTb), BpMHKMaHa (BA3Kas AMCCHMNALMA W HATPEB IXKOYJEBLIM TennoM) U apt-
MaHa Ha TEMJIOBYK HEYCTOWYUBOCTH MarHKTOrHAPOAHHAMUYECKOTO NOTOKA.



